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Abstract
We prove a Reconstruction Theorem for (ordinary) Gromov–Witten invariants which improves the First
Reconstruction Theorem of Kontsevich and Manin for manifolds whose Picard number is not one. In some
cases our Reconstruction Theorem gives 1-point reconstruction.
We discuss some interesting examples in detail, and finally we describe four applications: rational sur-
faces, Fano threefolds, the blow-up of the projective space along a linear subspace, and the non-Fano moduli
space of curvesM0,6.
© 2008 Elsevier Masson SAS. All rights reserved.
MSC: primary 14N35; secondary 53D45
Keywords: Gromov–Witten invariants; Quantum cohomology; Reconstruction Theorem
1. Introduction
In the present paper we propose a Reconstruction Theorem (Theorem 12), in the spirit of the
First Reconstruction Theorem 3.1 in [13].
The hypothesis is the same one: X is a projective manifold whose classical cohomology ring is
generated, as a Q-algebra, by divisors. The improvement is on the other side of the implication:
in Theorem 12 we prove that all the Gromov–Witten invariants can be reconstructed from a
particular subclass of two-point invariants, which if b2(X) 2 is a strict subclass.
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of a class of manifolds defined by the particular form of their cohomology, in Theorem 17 we
prove that X enjoys 1-point reconstruction, that is, its Gromov–Witten invariants can be recon-
structed from 1-point ones. Another simple case is when b2(X) = 2; the reconstructing set is
fully described in Theorem 19 (see also Example 30).
In Section 2 we compare our theorem to other existing reconstruction results (Theorems 2, 3,
7 and 8), which deal with generalized Gromov–Witten invariants.
In Section 3 we state and prove Theorems 12 and 17, and some immediate consequences.
Section 4 contains some remarks and examples. First, we consider computational aspects
(Remark 20); then we focus on the exceptions to Theorem 17 having b2(X) = 2, working in
detail an example (Example 23) of a threefold which cannot enjoy 1-point reconstruction. Finally
(Section 4.1) we discuss the issue of measuring the extent of a reconstruction theorem.
Some applications of the above results are reported in Section 5:
• Of the Fano 3-folds with b2  2 satisfying the hypothesis of Theorem 12, almost all (52
of 55) enjoy 1-point reconstruction (Theorem 28);
• The moduli space of curves M0,6, which is not Fano, enjoys 1-point reconstruction (Propo-
sition 31).
2. Reconstruction of Gromov–Witten invariants
Remark 1. n-point invariants include m-point invariants for any m< n. Indeed,
Iβ(γ1, . . . , γm) = Iβ(γ1, . . . , γm,D, . . . ,D)
for any divisor D such that
∫
β
D = 1.
Let us make a short review of some reconstruction results.
Theorem 2 (First Reconstruction Theorem, Theorem 3.1 in [13]). Let X be a projective manifold,
and assume that H ∗(X,Q) is generated by H 2(X,Q) as a Q-algebra. Then all the Gromov–
Witten invariants of X can be reconstructed from 2-point ones, with n 2.
Theorem 3 (Strong Reconstruction Theorem, Theorem 1 in [15]). Assume that H ∗(X,Q) is
generated by H 2(X,Q) as a Q-algebra, and let V be a collection of values for all the 2-point
Gromov–Witten invariants. Then V extends to a solution of the WDVV equations if and only if V
satisfies
⎛
⎜⎝
⎞
⎟⎠
(β,0)
∀β, ∀i, k ∈ A1(X), ∀j, l ∈ A(X)
(see the original paper for further detail).
Remark 4. Theorem 3 is not stronger than Theorem 2, but it is different: it gives compatibility
conditions for any set of values to extend to a complete set of values for the Gromov–Witten
invariants.
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H ∗(X,Q) is generated by H 2(X,Q) with some semisimplicity assumptions, and they prove
a similar statement (reconstruction from n-point invariants with n 4).
2.1. Generalized Gromov–Witten invariants
Some reconstruction theorems deal with generalized Gromov–Witten invariants [2,8,14,16].
Definition 6. A generalized invariant has the form
(
τk1(γ1), . . . , τkn(γn)
)
0,n,β =
∫ ∏
i
ψ
ki
i ev
∗
i (γi)
(the integral is taken over the virtual class); we will say that the invariant is ordinary if k1 = · · · =
kn = 0.
Theorem 7. (See Theorem 2(i) in [17].) Let R ⊂ H ∗(X,Q) be a subring generated by Chern
classes of elements of Pic(X)⊗Q; assume that R is self-dual, i.e. the Poincaré pairing restricted
to R is non-degenerate; let R⊥ be the orthogonal complement with respect to the cohomological
Poincaré pairing. Suppose(
τk1(γ1), . . . , τkn−1(γn−1), τkn(ξ)
)
0,n,β = 0
for all n-point descendent invariants satisfying γ1, . . . , γn−1 ∈ R and ξ ∈ R⊥. Then all n-point
descendent invariants of classes of R can be reconstructed from 1-point descendent invariants
of R.
Theorem 8. (See Theorem 5.2 in [3].) Let H1, . . . ,Hk ∈ H 2(X,Q); assume that tHi is free for
any i and for t  0; assume that ∑i niHi is ample if ni > 0.
Let RH ⊂ H ∗(X,Q) be the subring generated as a Q-algebra by 1,H1, . . . ,Hk ; suppose that
the Poincaré pairing is non-degenerate on RH .
If the one-variable J -functions Jd(t) := JX,Hd (t) all belong to RH [t−1], then the Gromov–
Witten invariants of the form∑
d(β)=d
IXβ
(
γ1ψ
a1, . . . , γmψ
am
)
with γ1, . . . , γm ∈ RH are completely determined by the one-point invariants, the intersection
matrix on RH , and the canonical class KX .
Remark 9. These theorems do not imply that ordinary n-point invariants can be reconstructed
from 1-point ones, since generalized 1-point invariants cannot be reconstructed from ordinary
ones. A counterexample X (to the extension of Theorem 7 to the case of ordinary invariants) is
described in Example 23.
Remark 10. The interested reader can also examine the proof of Theorem 7 in [17]; the strategy
is to reduce a given generalized invariant to 1-point one, using some relations (Corollary 1) in the
Chow ring of the moduli space of stable maps M0,n(X,β). As we noted before, these relations
introduce non-ordinary invariants, and cannot be used for reconstruction purposes in the domain
of ordinary invariants.
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Let X be a smooth projective variety. If the graded Q-algebra H ∗(X,Q) is generated by
H 2(X,Q), then Hi(X,Q) = 0 for i odd, and we write H ∗(X,Q) = A(X) = ⊕Ai(X) with
Ai(X) = H 2i (X,Q). Let A = SymA1(X), and let I (X) ⊂ A be the ideal of relations, that is, the
kernel of the presentation epimorphism π :A → A(X). A =⊕d Ad is a graded ring; if J is a
graded A-module, denote by Jd its part of degree d , which is a vector space over Q = A0. If J is
finitely generated (e.g., if J ⊂ A), let gd(J ) be the minimum integer d such that J is generated
by f1, . . . , fk ∈ J with degfi  d .
Definition 11. Let E(X) ⊂ H2(X,Z) denote the semigroup of effective curve classes. For each
β ∈ E(X), let d = d(β) be the minimum integer such that I (X)d 
⊂ Symd kerβ . Denote also
E(X)d := {β ∈ E(X) |
∫
β
c1(X) d}.
Theorem 12 (Reconstruction Theorem). Let X be a projective n-dimensional manifold such that
H ∗(X,Q) is generated by H 2(X,Q) as a Q-algebra; for each β ∈ E(X) fix M(β) ∈ A1(X) such
that
∫
β
M(β) 
= 0. Then all the Gromov–Witten invariants of X can be reconstructed from 2-point
invariants of the form
Iβ
(
γ,M(β)k
)
γ ∈ A(X), k  d(β)− 1. (1)
Proof. The proof is by induction on β; indeed E(X) is partially ordered by the relation β ′  β ′′
if β ′′ − β ′ ∈ E(X). Minimal β’s correspond to curve classes without reducible members.
Fix an integral homogeneous vector space basis T0 = 1, . . . , TM of A(X), and let T i denote
the Poincaré dual of Ti . Let gij be the matrix such that T i = gijTj (in the present paper we
adhere to Einstein convention about implicit sums of repeated indices).
Associativity equations are equivalent to the fact that, for any γ1, . . . , γ4 ∈ A(X) and for each
β ∈ E(X), the quantity∑
β1+β2=β
Iβ1(γ1, γ2, Ti)Iβ2(γ3, γ4, Tj )g
ij =
∑
β1+β2=β
Iβ1(γ1, γ2, Ti)Iβ2
(
γ3, γ4, T
i
)
is invariant with respect to permutations of the γi .
In particular, let Z be a divisor such that
∫
β
Z = 0, and write∑
β1+β2=β
Iβ1(γ2, γ3, Ti)Iβ2
(
γ1,Z,T
i
)= ∑
β1+β2=β
Iβ1(γ1, γ3, Ti)Iβ2
(
γ2,Z,T
i
) (2)
note that (a) the summands with β1, β2 < β have already been reconstructed by induction; (b)
the summands with β2 
= 0 vanish because of the Divisor Axiom; (c) I0(ξ, η,T k)Tk = ξ ∪ η for
any ξ, η ∈ A(X). Thus, letting γ3 = M(β), Eq. (2) becomes
Iβ(γ2, γ1 ∪Z)+ (. . .) = Iβ(γ1, γ2 ∪Z)+ (. . .) (3)
where (. . .) denotes summands which have already been reconstructed by the inductive hypoth-
esis.
Eq. (3) tells us that for the purpose of reconstruction we can “move” Z between the γi ’s; in
other words, all the 2-point invariants of class β can be reconstructed from those where all the
Z’s are concentrated in only one class, plus those that we already know by induction.
In this way we prove that all the 2-point invariants can be reconstructed; but Theorem 2 implies
that 2-point invariants are enough to reconstruct all the Gromov–Witten invariants. 
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by H 2(X,Q) as a Q-algebra; if d(β) = 2 for all β ∈ E(X)1+dimX , then X enjoys 1-point recon-
struction.
Example 14. If gd(I (X)) = 2, then X enjoys 1-point reconstruction as in Corollary 13. In-
deed, suppose by contradiction that d(β)  3 for some β; then I (X)2 ⊂ Sym2 kerβ , and we
have the A-module epimorphism A/I (X) → A/J → 0, where J ⊂ A is the ideal generated by
Sym2 kerβ . This is impossible since J is the ideal of a double line in SpecA and A/I (X) is an
A-module of finite length.
In most cases the small quantum cohomology ring can be constructed from a subset of the
invariants.
Corollary 15. Let X be a projective n-dimensional manifold such that H ∗(X,Q) is generated
by H 2(X,Q) as a Q-algebra; if d(β) = 2 for all β ∈ E(X)gd(I (X)), then the small quantum
cohomology ring of X can be reconstructed from 1-point invariants.
Proof. It is enough to prove that 2-point invariants determine uniquely the small quantum coho-
mology ring. But the hypotheses ensure that any relation is a polynomial in the divisors, so that
we only need to quantize products of type D ∪ γ , with D ∈ A1(X) and γ ∈ Ad = Symd A1(X)
with d + 1  gd(I (X)); by the Divisor Axiom, this quantization requires only 2-point invari-
ants. 
Remark 16. If b2(X) 2, then gd(I (X)) < 1 + dimX and the hypotheses of Corollary 15 are
weaker than the corresponding hypotheses in Corollary 13.
Theorem 17 (Reconstruction theorem for 3-folds). Let X be a smooth projective threefold such
that H ∗(X,Q) is generated by H 2(X,Q) as a Q-algebra; then X enjoys 1-point reconstruction,
possibly with the following two exceptions:
• b2(X) = 1;
• b2(X) = 2, I = (f 21 , f3), fd ∈ I (X)d ,
∫
β
f1 = 0 and β ∈ E(X)4.
Proof. Assume that b2(X) 2 and that X does not enjoy 1-point reconstruction. Then there is
β ∈ E(X)4 such that
∫
β
D = 0 and I (X)2 ⊂ Sym2 kerβ .
Let us prove that I (X)2 = Sym2 kerβ . Indeed A2(X) = A2/I (X)2, and
b4(X) = dimQ
(
A2/I (X)2
)
 dimQ
(
A2/Sym2 kerβ
);
a standard dimension count gives dimQ(A2/Sym2 kerβ) = b2(X), which by Poincaré duality
must coincide with b4(X), so that the inclusion is an equality.
Now let g ∈ I (X) \ Sym kerβ of minimum degree d ; surely d = 3 since b6(X) = 1. Let J
be the ideal generated by g and Sym2 kerβ . A/J is an A-module of finite length 6, since the
ideal generated by Sym2 kerβ cuts a double line in the affine space SpecA; on the other hand,
A(X) = A/I (X) is an A-module of finite length 2 + 2b2(X) which is a quotient of A/J since
J ⊂ I (X); thus J = I (X) and b2(X) = 2. This implies also that kerβ is an one-dimensional
subspace of A1(X), so that the ideal generated by Sym2 kerβ is generated by the square of a
single element. 
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Sym2 kerβ .
Theorem 19 (Reconstruction theorem for the case b2(X) = 2). Let X be a smooth projective
threefold with b2(X) = 2 and such that H ∗(X,Q) is generated by H 2(X,Q) as a Q-algebra.
Let δ be the minimum integer such that I (X)δ 
= {0}. Then d(β) = δ for any β ∈ E(X), with the
exception of the case I (X)δ = (
δ) with 
 ∈ kerβ ⊂ A1(X), which satisfies d(β) = δ + 1.
Proof. Since b2(X) = 2, for any β ∈ E(X) the subspace kerβ ⊂ A1 is one-dimensional; for
any positive integer k the subspace dim Symk kerβ ⊂ Ak is one-dimensional, and it is gen-
erated by the kth power of a generator of kerβ ∈ A1. In particular I (X)δ cannot lie inside
Symδ kerβ unless in the case described by the statement of the theorem; and in that case,
I (X)δ+1 
⊂ Symδ+1 kerβ because dim I (X)δ+1 = 2. 
4. Some remarks and examples
Remark 20 (Computational relevance of Theorem 12). Let X be any smooth projective variety,
and fix a positive integer n; if X is not Fano, then there can be infinitely many n-point Gromov–
Witten invariants. However, for any β ∈ E(X) the subset{
β ′ ∈ E(X) ∣∣ β ′  β}
is finite, and for each pair (β,n) we have only finitely many n-point invariants of class β; thus
any Gromov–Witten invariant Iβ(γ1, . . . , γn) can be reconstructed from a finite set of invariants,
that is, Theorem 12 can be useful for certain computational applications.
Example 21 (Exceptions to Theorem 17). X = P1 × P2, or the blow-up X → Y along a line
(which is an example of a rational complete intersection of type (d, d)), where Y has minimal
cohomology; for example, if Y is a Fano threefold, then Y is one of P3, the quadric Q3, V5 or
V22 [10,11].
Example 22. Let X be the blow-up of P3 along a 1-dimensional smooth rational complete in-
tersection of type (1,2), that is, a general conic; then X enjoys 1-point reconstruction. Indeed X
has the degree two relation (H −E)(2H −E) = 0.
Example 23 (A detailed study of one case from Example 21). Let X be the blow-up of P3
along a line, which is a smooth rational complete intersection of type (1,1); then we cannot
apply Corollary 13 to X, since relations are generated by (H − E)2 and EH 2, and furthermore∫
L−F (H − E) = 0, where L − F is the class of the strict transform of a line meeting the cen-
ter of the blow-up; to determine all Gromov–Witten invariants we need also invariants of type
IL−F (γ,M2).
Theorem 12 cannot be sharp, since it does not use all the associativity relations (see Re-
mark 25). However this X really does not enjoy 1-point reconstruction, that is: if you substitute
the values of all the 1-point invariants into the system of all the associativity equations between
n-point invariants (n 3), you do not get an unique solution.
Indeed, a long but straightforward computation shows that all the associativity equations,
plus the 1-point standard equation IF (ϕ) = −1, cut out a one-dimensional linear subvariety in an
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Values of Gromov–Witten invariants determined
by the choice of the value v of IL(pt,pt) for X
as described in Example 23 (ϕ is an exceptional
fiber, λ is the pull-back of a generic line)
v = IL−F (pt, λ)
v = IL−F (pt, ϕ)
v = IL−F (ϕ,λ,λ)
−v = IL−F (ϕ,ϕ,ϕ)
v = IL(pt, λ,λ)
2v = IL(λ,λ,λ)
eight-dimensional affine space whose coordinates are given by three 2-point invariants plus five
3-point invariants.
In particular, any choice v of the value of the “euclidean” invariant IL(pt,pt) determines the
other invariants, as reported in Table 1, without contradicting the associativity equations. It is
interesting to point out that, while some invariants depend on v, there are others, even non-zero
ones (as IF (ϕ) = −1), which do not depend on v.
4.1. Quantifying reconstruction
Now let us try to measure the extent of reconstruction. Let m = dimQA′(X), and fix
β ′ ∈ E(X); after Theorem 2, each Gromov–Witten invariant of the form Iβ ′(γ1, . . . , γn) can be
reconstructed from at most N1 +N2 invariants, where N1 is the number of 1-point invariants and
N2 =
∑
ββ ′
(
m+ 1
2
)
;
Theorem 12 yields a rough bound
N ′2 =
∑
ββ ′
(
d(β)− 2)m
which however is strictly smaller than N2 for b2(X) 2 and dimX  3.
Remark 24. These bounds are not sharp, since, for example, they do not take into account the
vanishings due to the Grading Axiom. In the examples following Definition 26 we computed
smaller bounds with a simple computer program [6] which considers a priori these vanishings.
Remark 25. However, a reconstruction theorem cannot be optimal, since it describes from a
qualitative point of view some common behaviour of the “nicer” part of the associativity equa-
tions, which in the general case are quite complicated. For example, associativity equations of
the blow-up of the smooth quadric threefold along two disjoint smooth conics define a threefold
of degree 23 in 81-dimensional affine space (see [5]).
In some “small” cases, systematic associativity computations are at reach, so we can see how
close is the bound yielded by a given reconstruction theorem to the real bound.
Definition 26. Assume for simplicity that X is Fano, so that there are finitely many non-trivial
2-point invariants. To shorten notation, we will say that Gromov–Witten invariants of X can be
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b
)-point invariants meaning that they can be reconstructed from
1-point invariants plus a
b
of the total number of non-trivial 2-point invariants; consequently we
define the reconstruction number (X) ∈ Q as the minimum number such that Gromov–Witten
invariants of X can be reconstructed from at most (X)-point invariants.
Example 27 (continuing Example 23). Since X has 9 non-trivial 2-point invariants, we have
(X) = 1 + 19 ; Theorem 12 gives the bound (X) 1 + 29 .
5. Applications
5.1. Rational surfaces
Any Gromov–Witten invariant on a rational surface S can be simplified with the Divisor
Axiom to the form Iβ(pt, . . . ,pt); in particular, for each β there is only one invariant which
does not vanish trivially (because of the Grading Axiom); it is the n-pointed invariant of the
above form with n = ∫
β
c1(S)− 1. We denote it with Iβ(∗).
5.1.1. P1 × P1
Let S = P1 × P1, and let h1, h2 be the pull-backs of the hyperplane divisor classes from the
first and second factor. Take L1 = (h2)∗ and L2 = (h1)∗ as generators of the cone of effective
curves in H2(S,Z). H ∗(S,Q) is generated by h1, h2 with relations h21 = h22 = 0; we have also
c1(S) = 2h1 + 2h2 and
∫
Li
hj = δij .
Since kerLi = Qhi , Theorem 12 gives reconstruction from the invariants of classes
L1,L2,2L1,2L2; the improvement from Theorem 2 is that the invariant of class L1 + L2 is
reconstructed from the other four.
If we make a detailed study like the one exposed in Example 23, we find out that invariants
of classes 2L1 must vanish by associativity, and that the reconstructing equation is very simple:
IL1+L2(∗) = IL1(∗)IL2(∗).
5.1.2. Blow-ups of P2
In [9] L. Göttsche and R. Pandharipande use associativity relations to prove that all the
Gromov–Witten invariants of Xr , the blow-up of P2 along r general points, can be reconstructed
from the values of the invariants IL(pt,pt) = 1 and IEi (Ei) = −1 for i = 1, . . . , r . Note that,
while the former is a two-point invariant, the latter is a zero-point invariant, since the moduli
space M0,0(X,Ei) is a single point.
Theorem 12 gives an alternate initial set for the reconstruction (which however is much larger
and less natural than the other one), composed by all the 1-point invariants. They are, in addition
to IEi (Ei), of type dH − a1E1 − · · · − aeEr where d > 0 and 3d = 2 + a1 + · · · + ar ; their
enumeration for large r is a combinatorial exercise with the genus formula for plane curves (see
e.g. Remark 7.4 in [1] for the case r  7).
5.2. Fano 3-folds
Theorem 28. Let X be a smooth Fano threefold such that b2(X) 2 and A(X) is generated by
A1(X) as a Q-algebra. Then Theorem 12 gives the bounds
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• (X) 1 + 413 if X is the blow-up of the smooth quadric 3-fold along a line,
• (X) 1 + 13 if X = P1 × P2,
and (X) = 1 for all the remaining X.
Proof. Follows from Theorem 12, by computing the degree two relation in all the Fano three-
folds with b2(X) = 2 and b3(X) = 0 (for their list we refer to [18,19]). The bounds for the
exceptions can be computed either by hand, or with a computer program [6] (see also Exam-
ple 27). 
5.3. Higher dimension
Remark 29. In the general case, if there are no relations in degree two then Theorem 12 cannot
give 1-point reconstruction; its usefulness is to reduce the reconstructing set as described in
Section 4.1.
Example 30. Let X be the blow-up of Pn along a k-dimensional linear subvariety. X is
isomorphic to the projectivized bundle P(S(n, k)), where S(n, k) is the split vector bundle
O⊕(k+1) ⊕ O(1) over Pn−k−1.
The classical cohomology of X is generated by ξ,h with relations
hn−k = 0, ξ k+2 = ξk+1h;
in particular we are in the case of Theorem 19. Thus d(β) = δ = min(n− k, k + 2) unless β is a
multiple of the class of a line in a fiber of the projective bundle, and n < 2k+2, so that δ = k+2;
in that case d(β) = k + 3.
5.4. Moduli spaces of curves
The moduli space M0,n of stable n-pointed curves of genus zero (n 3), for which we point
the reader to [7], has an explicit construction obtained from Pn−3 by repeatedly blowing up
certain rational subvarieties [12]. Its geometry happens to be more and more complicated as n
grows; for example, M0,n is not Fano for n 6; the effective cone has not been determined for
n 7; the ample cone has not been determined for n 8.
However, Theorem 17 implies immediately (being b2 = 16) that the non-Fano 3-fold M0,6
enjoys 1-point reconstruction:
Corollary 31. The Gromov–Witten invariants of the moduli space M0,6 can be reconstructed
from 1-point ones.
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